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We show that electron localization is generic in a linear chain of identical simple quantum wire 
loops with equal arm lengths in the presence of either a perpendicular magnetic field or the spin- 
orbit interaction, and has less to do with the shapes of the loops. We calculate the transfer matrices 
for a general simple loop scatterer in the presence of these effects. Based on the knowledge of the 
transfer matrices, we thus provide a criterion for the occurrence of the localization and present a 
simple formalism to integrate the transmission probability over the injection wave vector of electron. 

PACS numbers: 73.23-b, 73.20.Fz, 72.25.-b 

IS ' 

^ ' I. INTRODUCTION 

It has been shown that electron localization can be induced by magnetic field in particular class of two dimensional 
quantum network called the network^. The localization is due to the interplay of the network geometry and 
the Aharonov-Bohm effect. In this case, electrons travelling in the network will acquire quantum phases due to 
the Aharonov-Bohm effect. For specific values of the magnetic field, totally destructive interference occurs and the 
electron motion is confined in a small portion of the network that is called AB cage. In experiment the onset of electron 
localization in a quantum network is usually detected by transport measurement. This localization phenomenon 
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' has been experimentally observed in superconduction 7^ network* and in two-dimensional normal metal network; 
Different aspects of AB cages such as the effect of disorder 5 , interaction induced delocalization&, and transport^ are 
also discussed in literature. Electron localization is also predicted in a linear chain of square loops connected at one 
vertex in the presence of the spin-orbit interaction called the Rashba SO coupling^. Similarly, the localization is due 
to the interplay of the network geometry and the Aharonov-Casher effecUS. In this case, electrons travelling in the 
network will acquire quantum phases due to the Aharonov-Casher effect. For specific values of the spin-orbit coupling 
, strength, electrons are forbidden to transport in the chain and the averaged conductance becomes zero. 

In this paper we discuss when and why the electron localization phenomenon occurs in a linear chain of TV identical 
scattercra in the large N limit. If the £catterer£ are quantum wire loops, will the shape of the loops matter in the 
occurrence of the localization phenomenon? To answer these questions, we first review the parametrization of the 
transfer matrix for a single scatterer with a single input lead and a single output lead connected to the scatterer. The 
electron transmission probability for a linear chain of the scatterers can be easily obtained from the elements of the 
transfer matrix. Typically, the transmission probability reveals a binary behavior. In some domains of the parameters 
that parameterize transfer matrix, the transmission probability vanishes in the large N limit. In the other domains 
of the parameters, the transmission probability is relatively high and oscillates rapidly. In real situation, the binary 
structure of electron transmission may be determined by the factors such as the injection electron wave vector k, 
the geometry of the scatterer, and other physical effects such as magnetic field and spin-orbit interaction, et.c. It is 
possible that zero electron transmission always occurs in some linear chains of scatterers no matter what the value 
of k is. In this case, electron localization is seen as zero transmission in the averaged transmission probability after 
| integrating over the injection wave vector k. 

The paper is organized as follows. In section [HI we review the parametrization of the transfer matrix for a spin- 
blind scatterer with an input lead and an output lead connected to it. The transfer matrix is known to respect 
U(l, 1) symmetry. We then discuss the transmission probability for the linear chain of the scatterers and express the 
probability in terms of the parameters that parameterize the transfer matrix. We also define a criterion function for 
determining whether the electron transmission is forbidden in the chain of scatterers. We show that the criterion 
function can be easily read off from the transfer matrix of a single scatterer. On the other hand, a typical spin- 
sensitive scatterer may respect a larger symmetry, the U(2, 2) symmetry. In some cases, however, the transfer matrix 
of a spin-sensitive scatterer is factorized into the spatial part and the spin part, and respects E/(l, 1) <g> U(2) symmetry. 
Here 17(1, 1) is the symmetry for the spatial part of the transfer matrix and U(2) is the symmetry for the spin part 
of the transfer matrix. In these cases, the total transmission probability is only determined by the spatial part of the 
transfer matrix. In section ITTT1 we study simple loop scatterers of arbitrary shapes in the presence of either magnetic 
field or the spin-orbit interaction. We derive the transfer matrices for the loops and discuss the onset of electron 
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localization in the linear chains of the loops. As examples, we discuss the circular loop scatterers, the square loop 
scatterers, and the triangular loop scatterers in details along with their transfer matrices. Throughout the paper, we 
assume that the loops and the leads are made by single-channel quantum wires for simplicity. The presence or the 
absence of electron localization in the loop chains is shown to be easily known from the criterion functions of the 
loop scatterers. In section llVl we present a simple formalism for integrating the transmission probability over k. The 
averaged transmission probabilities for the loop chains discussed in the paper are calculated in this section. In section 
Ivl we give our conclusion. 



II. SCATTERERS WITH AN INPUT LEAD AND AN OUTPUT LEAD 



A. Transfer matrix for spin-blind scatterers 



In this section we describe the transfer matrix for an arbitrary spin-blind scatterer with only an input lead and 
an output lead connected to it. Consider a scatterer as shown in FigQ] The dark circle represents the unknown 
scatterer. Two single-channel quantum wires are connected to the scatterer such that electrons can move in the 
wires and tunnel through the scatterer. By assuming that electrons move as free particles in the wires, the electron 
wave functions on the two leads are written as ipi{x) — A]e lkx + B]e~ lkx and ipn(x') — A]je lkx + Bne~ ikx , 
respectively. Here k denotes the injection wave vector for electrons, x and x' denote the coordinates on the leads, 
and the constants Ai,Bi, An, Bn are the amplitudes of the waves. The conservation of electron current then implies 
that \A]\ 2 — | -Br | 2 = |^4//| 2 — |-B//| 2 . In general, quantum mechanics also implies the following linear relation between 
the amplitudes 

A n \ _ / Aj 



b,,J- t {b,)- W 

where T is called the transfer matrix for the scatterer. It is obvious that T is an element of U{\, 1) group. The most 
general form of T can be parameterized as 

e i/3 cosh0 e-^smh.6 
e' 



T ^ I ^sinhf? e- i/3 cosh0 ,2 ' 



where a, /?, 9, and 7 are the introduced parameters to be determined by the nature of the scatterer and the injection 
wave vector of electrons. 

With the parameterized T given in Eq.|J2J, we find the eigenvalues X± and the corresponding eigenvectors <p± as 
follows: 



A± = e M (cosh (9 cos /^i^ (cosh cos/?) 2 - 1) (3) 
4>± = (cosh 8 sin (3 =F »V ^(cosh 8 cos (3) 2 - l,~ie n sinh6>). (4) 



The transfer matrix T is then diagonalized with the help of the 2x2 matrix A 



T D =[ A + A ° )=A- 1 TA, 



where the first and the second columns of A are the eigenvectors </>+ and </>_ , respectively. 



B. Chain of identical spin-blind scatterers 



Consider a linear chain of N identical spin-blind scatterers as shown in Fig|5J The electronic wave amplitudes at 
the two ends of the chain are related by 

(^)=AT-A-'(^). (6) 

Now let M denote the transformation matrix M = AT^A^ 1 . Suppose that an electron is injected from the left end 
of the chain. The electron will tunnel through the chain of scatterers with the tunnelling amplitude t, or be reflected 
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by the scatterers with the reflection amplitude r, 



e i1Nc 



_ detM _ . 



M 22 M 22 
-M21 



22 



(8) 



Here denote the entries of M 



e** (\"-\ N sinhfl 

Mai = — f = =» 9 

2 v /(cosh6'cos/3) 2 - 1 

A^ + A^ (A3f- A*) cosh 8 sin /3 , 

M 22 = — --i - + , — (10) 

2 2 v /(cosh6'cos/5) 2 - 1 

As the number of scatterers N becomes large, the electronic transmission will be highly suppressed for 
(cosh 9 cos /3) 2 > 1. In this low transmission scenario, the transmission probability is roughly 

...a 4[(coshgcos/3) 2 -l] 

11 " |Arsinh 2 ' [ ' 

where |A| = max(|A + |, |A_|) is the larger one of the absolute values of the two eigenvalues. The electronic transmission 
will finally be turned off as N goes to infinity. For (cosh 9 cos j3) 2 < 1, the eigenvalues can be written as A± = e l ( Q±a ) 
with fl = cos -1 (cosh cos/?). In this scenario the electronic transmission is high and the transmission probability is 
found as exactly 

, ,9 sin fl 

M 2 = (12) 

sin 2 + sinh 2 6>sin 2 (A^)' V ; 

Obviously, the transmission probability oscillates rapidly in f2 for large N. In the large N limit, the averaged 
transmission probability over the small interval [f2, Q + 2n/N] is 

. ,0 I sin Q I 

\t\ 2 = L 1 (13) 

V sin 2 + sinh 2 9 

Finally, the transmission probability becomes unity when (cosh 9 cos f3) 2 = 1. 

Based upon the above discussion, the value of (cosh 9 cos (3) 2 is critical in determining the characteristics of the 
electronic transmission in a chain of spin-blind scatterers. In real situation, (cosh 9 cos (3) 2 is a function of several 
dynamical and geometrical factors of the scatterer. In the remaining parts of the paper, we call the function as the 
criterion function for electronic transmission. For examples, the injection wave vector k, the Aharonov-Bohm flux 
and the ring radius a together will determine the (cosh 8 cos /3) 2 value of the equal-arm ring scatterer in the 
presence of a perpendicular magnetic fieldii 

/ t_/i \2 cos 2 (7rfca) 

(C0ShgC ° S/3) = cos 2 (^/2) - (W) 

As long as ka is not a half-integer, the low electronic transmission condition (cosh 9 cos (3) 2 > 1 is always held when 
&AB = (2ri + l)n for integers n. Extremely low transmission still survives even if we integrate the transmission proba- 
bility over k. Therefore electron localization occurs in the chain of equal-arm rings in the presence of a perpendicular 
magnetic field. 



C. Spin-sensitive scatterers 



In this subsection we briefly discuss spin-sensitive scatterers. Once again, the scatterer is connected to two leads 
as shown in Fig^ The wave functions in the leads I and II are written as ?pi(x) — Aje tkx xi + Bie~ zkx r]i and 
tjju(x / ) — Ane lkx xi 1 + Bjie~ tkx rju. Here xiiXii: 7 H an d r\ii are normalized spinors, Aj,Au,Bj and Bjj are 
amplitudes of the waves. In general, Ajj, Bjj, xn an d ijjj can be viewed as functions of Aj 7 Bj,xi and 777. If we write 
the electron current fluxes into the spin- up and the spin-down parts by | Ai \ 2 = | A\ \ 2 + | A \ \ 2 and | B{ | 2 = \Bj | 2 + | 2 , 
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then the current conservation gives \A]\ 2 + \A l j\ 2 - \B]\ 2 - \B\\ 2 = \A\j\ 2 + \A\j\ 2 - \B]j\ 2 - \B l jj\ 2 . As easily seen 
from the equation, the transfer matrix for the spin-sensitive scatterer must respect U(2, 2) symmetry. 

In some cases, the symmetry for the transfer matrix is smaller. For example, the symmetry is T ® S for the ring- 
shape and the diamond-shape scatterers with Rashba spin-orbit coupling2i2iii. Here T is an element of U(l, 1) group 
and acts on the spatial part of the electron wave function as in Eq.JTJ, while 5 denotes an element of U(2) group 
and acts on the spin part of the electron wave functions, \n = S\i and X]n — Srji. Obviously, the total electronic 
transmission probability is merely determined by T and has nothing to do with the spin-part symmetry S. In these 
cases, the spin-sensitive scatterers are effectively spin-blind in discussing their total transmission probabilities. 



III. QUANTUM WIRE LOOPS AS SCATTERERS 



In this section, we first discuss simple loop scatterers in the presence of either a perpendicular magnetic field or the 
spin-orbit interaction. We derive the transfer matrices for the loop scatterers. It is found that the transfer matrices 
merely depend on the injection wave vector k, the arm lengths of the loops, and the Aharonov-Bohm phases or the 
spin-orbit coupling strength. We then apply our results to the linear chains of the circular loopsAi, the square loopaS^ 
and the triangular loops. We take all these quantum wire loops as scatterers and find their transfer matrices. Given 
the transfer matrices, we thus obtain the criterion function (cosh cos (3) 2 as well as the parameter sinh0 that appears 
in the parameterized transfer matrix in Eq.J2J). 



A. Simple loops in the presence of a perpendicular magnetic field 

Consider the scatterer that is made by a simple quantum wire loop with two leads in the presence of a perpendicular 
magnetic field as shown in Fig|3| The simple loop can be of any shapes. Let T\ and r-i denote the path lengths measured 
from the node 1 along the upper arm and the lower arm, respectively. The total length of the upper arm of the loop 
is Li while the total length of the lower arm is L 2 - In general, the two arm lengths may not be equal to each other. 

Suppose that an electron is injected into the loop with energy e = h 2 k 2 /2m, then the electron wave functions in 
the two leads and in the loop arms are given by 

^/(a;) = A ie lkx + Bie~ tkx , (15) 
iMs) = A n e ikx ' +B J /e- <w ', (16) 

Vw(r 2 ) = ^( a2 e ikr * + b 2 e~ tkr2 ), (18) 

where k is the injection wave vector, e is the electric charge for electrons, m denotes the effective mass for electrons , 
A denotes the vector potential for the magnetic field, and x and x 1 are the coordinates on the leads that are measured 
from the node 1 and the node 2, respectively. Here tp up is the wave function in the upper arm and ipiow denotes the 
wave function in the lower arm. The coefficients Aj,Bj, Ajj, Bjj and cij, 6j are the amplitudes of the electronic waves. 
By considering the continuity of wave function and the current conservation at the junctions, we get the transfer 
matrix for the loop scatterer 

-:^)(t), d9) 



B 



ii 



with 



(20) 



sin 6>i - sin 2 ,$ifl«, 
Qab = arctan — — — — tan — — , 
sin Oi + sin O2 2 

4sin(0i + 6 2 ) +i[cos(0i - 6 2 ) - 5cos(6»i + 2 ) +4cos($ j4 s)] , 01 
£2 = 1 = , (21 

4 J sin 2 0i + sin 2 2 + 2 sin d\ sin 2 cos($ab) 



CQS(01 - 2 ) + 3 COS(01 + 2 ) ~ 4 COS(-I>A£0 



h = v 1 ^ w " v (22) 



4 J sin 2 0i 



sin 2 2 + 2 sin 0i sin 2 cos($ j 4_b) 



Here t 2 is the complex conjugate of t 2 , and $1 and <I> 2 are the Aharonov-Bohm phases acquired by the electrons 
travelling in the upper arm and the lower arm, respectively. <&ab = $1 — $2 is the Aharonov-Bohm flux of the 
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loop, and the phases are defined as Q\ = kh\ and 02 = AL2. Comparing Eg. I19fl to (J2J, we find the transfer matrix 
parameter sinh# = t\ and the criterion function 



( R , m2 sm 2 (g 1+ g 2 ) 

(cos p cosh 0) — — 5 5 ; 7 

sin 0i + sin 2 + 2 sin6*i sin 6*2 cos($ab) 



(23) 



Eci. (|23[) shows that the low electronic transmission condition (cos f} cosh 9) 2 > 1 cannot be always satisfied for all k val- 
ues unless for L\ = L 2 . When L\ = L2 = L, the criterion function becomes (cos/3cosh6>) 2 = cos 2 (fcL)/ cos 2 ($ab/2)- 
For the equal-arm loop chains in the presence of a perpendicular magnetic field, electron localization will occur at 
$ab = (2n + 1)tt for all integers n. 



B. Simple loop with spin-orbit interaction 

Consider a general loop scatterer with spin-orbit interaction as shown in FigOU In general, the upper arm of the 
loop can be viewed as being made by N\ linking bonds connected in series. The lower arm is viewed as being made 
by N2 linking bonds connected in series. Typically, the numbers of bonds N\ and N2 could be very large. Let r\ v 
and r 2p denote the coordinates of the p-th linking bonds for the upper arm and the lower arm, respectively. The 
beginning of the p-th linking bonds for the arms are labelled as r\ p = and r 2p = 0, while the ends of the bonds are 
labelled as r\ v = £\ p and r 2p = ^ 2p . The Hamiltonian Hi p (i — 1, 2) for an electron moving in the p-th linking bonds 
in the upper arm or the lower arm is given by 

ff,p = 4 [ ^" !W? ' ( " Xf ' p))l2 ^' i = 1 ' 2 ' (24) 

where k so is the coupling strength for spin-orbit interaction, m is the effective mass of electron, z is the unit direction 
normal to the loop, and Ti P is the unit direction along the p-th linking bonds in the arms. The wave function tpup(fip) 
with the energy e — h 2 k 2 /2m in the upper arm is thus obtained by 

<Mri P ) = e*" n >W' xfl >»S™ 1 Sjn 2 ---Si% 1 e^+he-^], (25) 

where a\ and b\ are constant spinors, k is the injection wave vector, q = \Jk 2 + k 2 Q is the wave vector for the electrons 
moving in the arms of the loop, r\ = r\ p + ~Y^ n =\ 1S ^ e P a th length measured from the node 1 to the position r\ p , 
and the spin-rotation operators Sn^ are defined as Sn^ = e lks "' iln ^' 7 '^ z ^ ri ' n ^ . Similarly, the wave function in the lower 
arm of the loop is given by 

Tplow{r 2p ) = j k °°^<^)) S f\s { p % ■ ■ ■ S[ 2) [a 2 e l " r2 + b 2 e^ r % (26) 

where a 2 and 6 2 are constant spinors, r 2 = f*2p + X)n=i ^2n is the path length measured from the node 1 to the position 
r 2p , and the spin-rotation operators Sn^ are defined as Sn = e lfcso£2 '*( <T '( zxr2 ™)) . At the node 2, the wave functions 
in the arms become 

ipu P (n = In) = Sx[ ai e^ +b 1 e-* L 1 , (27) 
^/W(r 2 - La) - S2[a 2 e lqL > +b 2 e~^ L % (28) 

where Si is the total spin-rotation operator for the upper arm and S2 is the total spin-rotation operator for the lower 
arm, 

Si = <Sj V - 1 S , iV ^_ 1 •• • S[ \ (29) 

c — c( 2 ) c( 2 ) c( 2 ) for\\ 

Here L\ and L2 denote the arm lengths of the upper arm and the lower arm, respectively. 
On the other hand, the wave functions in the leads are given by 

$i{x) = A ie lkx + B ie - lkx , (31) 
j/j n (x') = A n e lkx ' +B n e~ lkx ' . (32) 
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Here x is the coordinate on the input lead with x = being at the node 1, and x' is the coordinate on the output 
lead with x' = being at the node 2. The spinor amplitudes Ajj and Bjj are connected to the Aj and Bj through 
the continuity of wave function and current conservation at the nodes 1 and 2. The continuity of wave function at 
the nodes 1 and 2 gives 

Ar+Bi = a 1 +b 1 =a 2 + b 2 , (33) 
An + B H = S^aie^ 1 + bie' lqLl ) = S 2 (a 2 e tqL2 + 6 2 e^ L2 ). (34) 

Current conservation at the nodes leads to the Griffith's boundary conditions as follows 

k 

-{Aj-Bj) = a 1 -bi+a 2 -b 2 , (35) 
-(A n -B u ) = S^axe 1 ^ 1 -b ie - iqLl ) + S 2 (a 2 e tqL2 -b 2 e^ L2 ). (36) 
Solving the equations in the above, we get the transformation 

, (37) 
^ S{k so ,q)B I J 

Here the 2x2 unitary matrix S{k so , q) is the transfer matrix in spin dimension and is defined as 

S(k so ,q) = 1 - [Si + 8 -^\s 2 ], (38) 







to 




(X) 


1 = 1 




T ( 



with 6i= qL\ and 2 = 9-^2 j aid 



sm (Wi) . srnlfij 



/(fc so ,g)^l + -^ + 2cos(e so )-^, (39) 
sm {02) sm[0 2 ) 

where cos(9 so ) = iTr(5 2 5f 1 + SiS^ 1 ) is a function of fc so . It is noted that S 2 S 1 1 + Si S 2 1 = 2 cos(9 so )l2, where I 2 
denotes the 2x2 identity matrix. The matrix elements in Ea. (|37(l are obtained by 

sin(0i+0 2 ) . r fc 2 sm 2 (0 1 )+g 2 [/(fc so ,g)-csc 2 (0 2 )sin 2 (0 1 +^ 2 )] 1 

*2 = = + 1{ = }, (40) 

sin(0 2 )v/(fc so ,?) 2kqsin(9i) x /f(k so ,q) 



k 2 sin 2 (0! ) - g 2 [f(k so , g) - esc 2 (g 2 ) sin 2 (6i + 8 2 )} 
2kq sin(0i ) y/f(k ao ,q) 



(41) 



Obviously, the transfer matrix in Eg. l|37|) is of the type T <gi S and the total electronic transmission is merely 
determined by the matrix elements of T. The parameter sinh# in Eq.Q is equal to ti in Ea. H41|) . and the criterion 
function for the chain of loops is found by 

(coshflcos/3) 2 ^ |^L . (42) 
sm {o 2 )f(kso,q) 

In Ea. (|42(l . the variables k so and q are not separated generically. When Li = L 2 both S and / become functions 

of k so , S(k so ) = , 1 (Si + S 2 ) and f(k so ) = 2(1 + cos(0 so )), so that k so and q are separated in Eq. l|4*2l . In the 

y/f(.k, ) 

equal-arm case, the criterion function is always larger than 1 for some specific values of k so that satisfy f(k so ) = 0, 
i.e, cos(0 so ) = — 1. Therefore, electron localization occurs naturally in the equal-arm loop chains with spin-orbit 
interaction. 



C. Circular Loops with spin-orbit interaction 

Assume that an electron with energy e = H 2 k 2 /2m is injected into the linear chain of circular loops as shown in 
FigE] The radius of the rings is denoted as a. Both the lengths of the upper arm and the lower arm are equal to 
each other and are denoted as Li = L 2 = ira. As discussed in literature^, the transfer matrix and the electronic 
transmission are obtained for the equal-arm ring scatterer in the presence of the spin-orbit interaction. Here we 
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derive the transfer matrix again by using the results obtained in the previous subsections. It is found that electron 
localization will occur in the chain of rings with the spin-orbit interaction. 

The transfer matrix is given in Ea. 1)37(1 . To know the exact form of the transfer matrix, we need the total spin- 
rotation operators S\ and S2 for the upper arms and lower arms of the ring, respectively. Here we derive the total 
spin-rotation operators as follows. Let tpi be the angles on the upper arm measured from the the node 1, and (f2 
denote the angle on the lower arm that is also measured from the node 1 as shown in FigG3 From Eq. 1(25(1 , the electron 
wave function ^f up in the upper arm is given by ipup(<Pi) = Si((pi)[aie lqa '' Pl J rb\e~ %qaVl \. We then find the differential 
equation for the spin-rotation operator S\(ip\) as 

dS 

- — =i6 so a r (ipi)Si(ipi), (43) 
dip i 

where SO = k so a, and oy is defined as cr r (tpi) = [— cos(( ( 9 1 )(T 1 + sin(<£>i)<72]. By considering that the unitary operator 
Si(ipi) is equal to the identity operator at ipi = 0, we obtain Si(<p\) as 



where p = (Oso/M), Ai = (y/l + A0 2 o — l)/2, and A 2 = (Ai + 1). Similarly, we obtain S^^) as 

1 / e iXlV2 + p 2 e- lX ^ 2 p[e iXlV2 - e ~ lX ^ 2 ] \ 



From Ea. ((38() . we find that S{k SOl q) becomes a function of (9 so and is given by 

S(0 SO ) = . 7T [Si(7r) + S 2 W], (46) 
2cos(Ai7r) 

= exp(i(5cr 2 ), (47) 

with (5 = arctan(26' ;jo ). Compare Ea. (|46|l to ((38(1 . we find that the function f(k so , q) also becomes a function of # so and 
is given by f(9 so ) — 4 cos 2 (Ai7r) = 4 cos 2 ($ac/2) with the Aharonov-Casher phase defined as <&ac = + 40 2 O — 1]. 

Take the above results into Ea. ((4U(l and (|41|l . we find the transfer matrix for the ring scatterer 



A u \ _ ( t 2 -ih \ ( S(e so )A! 
B n ) \ih t* 2 J\ S(d so )Bj 



(48) 



with the matrix elements 



^ 4fcgsin(27r<7a) + i{fc 2 [l - cos(27r<7a)] + 4<j 2 [cos($ac) — cos(27rqa)]} 

8fcg sin(7rga) cos($ yl c/2) 
= fc 2 [l - cos(27rga)] - 4g 2 [cos($Ac) - cos(27rga)] 
1 8kqsm(nqa) cos($ ac / 2) 

Comparing Ea. 148(1 to Eq.J2J), the parameter sinh0 = t\ is easily read off and the criterion function is found as 

(cosh 9 cos & = c 4Pnrv ^ 

cos 2 ($ac/2) 



From Ea. ((51(1 . electron localization will occur at some specific values of the spin-orbit coupling, 8 so = yjin 2 — 1/2 for 
all integers n ^ 0, for a linear chain of the ring scatterers in the large N limit. 



D. Circular loops in the presence of a perpendicular magnetic field 

Consider the same circular loop in the presence of a perpendicular magnetic field B = Bz but without the spin-orbit 
interaction. The electron wave functions in the two leads are given in Ea. i(15|) and lltj|) . From the results in Eci. ((19(l . 
((20(1 . ((21(1 . and ((2211 . we find the transfer matrix for the ring scatterer 



Aii\ ( t a -ih \ f Aj 
B H ) \ ih t% \ Bj 



(52) 
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with 

4 sin(27rfca) + i[l - 5 cos(27rfca) + 4 cos($ab)] 
<2 = 8sin(7rfca) cos($ j4B /2) ' ( ' 

1 + 3cos(27rfca) - 4cos($ab) ,_ 4 « 
1 _ 8sin(7rfca) cos($4 B /2) ' ^ ' 

Here &ab = ena 2 B/h denotes the Aharonov-Bohm flux in the ring. From Ea. (|54|l and (|53|) . we read off the parameter 
sinh^ = t\ and the criterion function for the chain of rings is given in Ea. l|14J) . From Ea. (|14J) we know that electron 
localization will occur for $ab = (2n + 1)tt for all integers n. 



E. square loops with spin-orbit interaction 

Consider that an electron with energy e — H 2 k 2 /2m is injected to the linear chain of square loops as shown in FigEl 
The length of each side of the squares is denoted as I. Therefore both the lengths of the upper arm and the lower 
arm are equal L% = Li = 21. As discussed in literature^, electron localization will occur in the square loop chain 
with the spin-orbit interaction. In this paper, we obtain the same results by using the formulas given in the previous 
subsections. 

From Eq. (|29|) and (|3(JI) , we And the total spin-rotation operators for the upper and the lower arms of a square loop 
to be 

51 = e^^+e 19 ^-, (55) 

5 2 = e^-e 19 ^, (56) 

where a± = -^(&2 ± cti), and 9 so is defined as 9 so = k so £. The function f(k so , q) in Ea. 1(39(1 thus becomes a function 

of 9 so , f(6 s0 ) = 4cos 2 Ml + sin 2 M. 

From Eo. l|37jl . we find the transfer matrix for the square loop 



A u \ _ ( t 2 -it x \ ( S{9 so )A 1 
B n ) \ itx t\ J \ S(6 so )Bi 

where to, and t\ are obtained from Ea. H40|) and (|41ll by taking 61 = 82 = 2ql = 29. 



(57) 



2cos(2g (j ) , r fc 2 sin 2 (2^)+g 2 [/(g so )-4cos 2 (2^)] 1 

C2 — ; + l\ ; r, loo) 

>/f(Plo) 2kqsm(29 q )y/mo) 
t = k 2 S m 2 (29 q )-g 2 [f(9 so )-4cos 2 (29 q )} 
1 2kqsin(29 q )^moj 



with q — y/k 2 + k 2 Q . The matrix S(9 so ) is obtained from Eci. 1(38(1 

Qfft \= 1 ( 2 co s 2 ^ so \/2sin(20 so ) \ , . 

" V7(M V -\/2sm(20 so ) 2cos 2 9 so ) ' [W) 

It is noted that S(9 so ) is unitary. Once again, the transfer matrix in Eg. 1)57(1 is of the type T ® S. The parameter 
sinh6* in Eq.J2J is then easily read off by sinhf? = tx, and the criterion function for the square loop scatterer is found 
by 

( C osh^cos^ = i^M. (61) 

J [8 so) 

In this case, electron localization occurs at f(9 so ) = 0, i.e., k so l = (n + 1/2)tv for all integers n. 



F. square loops in the presence of a magnetic field 



Consider the same square loop in the presence of a perpendicular magnetic field B = Bz but without the spin-orbit 
interaction. The electron wave functions in the two leads are given in Ea. i|15|) and l|16|) . From the results in Ea. (|19fl . 
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(I20|l . (|21() . and (|22|l . we find the transfer matrix for the square loop scatterer 

(62) 



with 



A a \ I t 2 -ih \ I A l 
B u ) \ih tl )\ Bj 

4sin(40 fc ) + - 5cos(4fl fc ) +4cos($ AB )] 
2 8sin(20 fe )cos($ Ai3 /2) ' 1 j 

l + 3cos(46> fc )-4cos($ AB ) 
1 8sin(20 fc )cos($W2) ' 1 j 

Here 9k = fc-f, and $ab = eB£ 2 /h denotes the Aharonov-Bohm flux in the square loop. From Ea. (|63|l and (|64|l . we 
read off the parameter sinh$ = t\ and the criterion function for the square loop chain 

^' e ™V> = ^iSky (65) 

Obviously, electron localization will occur for $>ab = (2?t. + l)7r for all integers n. 

G. triangular loops in the presence of a magnetic field 

In this subsection, we discuss the effect of unequal arm lengths by considering the triangular loop chain in the 
presence of a perpendicular magnetic field B as shown in Fig[7| Each side of the triangle has the same length I. 
Therefore the length of the upper arm is twice the length of the lower arm, L\ — 2L 2 = 21. Similar to the square 
loop chain discussed in the paper, the triangular loop chain also possesses bipartite structure containing nodes with 
different coordination numbers. The lattice nodes have cither coordination number 2 or coordination number 4. 
However, unlike the square loop chain, the triangular loop chain has no electron localization even in the presence of 
a perpendicular magnetic field. 

Once again, the wave functions in the two leads are given in Eq. l|15f) and i|16|) . By defining the Aharonov-Bohm 
flux <&ab = V3eB£ 2 /4h and the phase 9 k = k£, we obtain the transfer matrix for the triangular loop from Ea. ((T§|l . 
P). <EH> and 123 by 



A H \ _ ia ( h -itx \ ( Ai 
B n J 6 { iti t% {Bj 



(66) 



where the phase a is a function of $ab and 9k, a = arctanlsin^s/^cosflfc + cos^s)]- The parameters t\ and t 2 
are given by 

4sin(30 fe ) +i[cos0 fe - 5cos(30 fe ) +4cos$ab] , e »s 

t 2 — ^ , V"') 

4 sin 9 k v 1 + 4 cos 2 + 4 cos 9 k cos $ab 
^ _ cos 9 k + 3 cos(36> fc ) - 4 cos § AB 

4 sin 9 k y/l + 4 cos 2 9k + 4 cos 9 k cos §ab 

We then read off the parameter sinh# = t\ and the criterion function for a chain of N identical triangular loops in 
the large N limit from Eq. (j^ZJl and (JHEJ • 



(cos/?cosh0) 2 = - , - j;r,:^; ; _^ . (69) 



(4 cos 2 g fc -l) 
1 + 4 cos 2 9 k + 4 cos 9 k cos <&ab 

From the criterion function, we know that no electron localization will occur since no values of <&ab could always 
satisfy the condition that (cos (3 cosh 9) 2 > 1 for all 9k values. 



H. triangular loops with spin-orbit interaction 

The last example studied is the same triangular loop chain with only the spin-orbit interaction. The electrons are 
injected into the chain with energy e = h 2 k 2 /2m. From Ea. (|29|) and (|3L)fl . the total spin-rotation operators for the 
upper arm and the lower arm are 

Si = e^^V'^' 712 , (70) 

s 2 = (7i) 
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Here a 12 and 032 are denned as a\ 2 = (— -^fi + §02) and 023 = (2 fi + f* 72 )' and 9 so = k so l. 
From Ea. l|37|) . we obtain the transfer matrix for the triangular loop scatterer 

A H \ ( t 2 -ih \ f S(k so ,q)Ai 
B n ) \ih t* 2 J ySihso^Bj 

where t\ and t 2 are obtained from Eq.l|40|l and (|41|l as 



(72) 



3-4sin 2 fl g . r fc 2 sin 2 (2g g ) + g 2 [/(fc ao , g )-(3-4sin 2 g g ) 2 ] 1 
\ff{kso,q) 2kqsm(29 q ) v / f(k so ,q) 



fc 2 sin 2 (2^) - q 2 [f(k so , q) - (3 - 4 sin 2 fl g ) 2 ] 
2kqsm{26 q )y / f{k so ,q) 



(74) 



where <; = \/k 2 + fc 2 Q and # g = g£ Here f(k so ,q) is obtained from Ea. lj3§)l by f{k so ,q) = 1 + 4cos 2 # g + 
2cos#,j(3cos# so — cos 3 so ). It is noted that f(k so ,q) > is always held for all 9 so and 9 q . The unitary matrix 
S(k so , q) is acting on the spinor amplitudes (Aj, Bj) and is defined as S(k so , q) = (Si + 2cos# 9 S , 2)/ y f{k so , <?)■ 

Ea. l|72|l shows that the transfer matrix for the triangular loop scatterer is of the type T eg) S. Therefore, the 
conductance of the loop chain is merely determined by T, the spatial part of the transfer matrix. From Eq. (JT2J, we 
easily read off the parameter sinh# = t\ and the criterion function 

(cos cosh 6f = ( 3 ~ 4sin2 ^) 2 . (75) 

f{k S o,q) 

Obviously, electron localization will not occur in the triangular loop chain since the zero-transmission condition 
(cos (3 cosh 9) 2 > 1 will not hold for all k values with any specific value of 9 so . 



IV. AVERAGED TRANSMISSION PROBABILITIES 



In this section we present the method of integrating the transmission probability over the injection wave vector k 
for the linear loop chains discussed in the paper. Throughout the paper, the averaged transmission probability will be 
indicated by {P)k- It is known that finite temperature or finite voltage will introduce an average over fc in a natural 

sq 

ways*. 

To integrate the transmission probability over fc we need not only the knowledge of the criterion function but also 
the parameter sinh0 as indicated in section ITTT1 We have to find the criterion function and sinhf? as functions of the 
wave vector fc and other physical factors. The expression for the integrated transmission probability is thus derived 
in the integral form. In the numerical calculation, we take the approximation q « fc. It can be understood as follows. 
Taking for the Fermi energy of the single-channel wires 10 meV, the loop radius a or the arm length L ~ a ~ 0.25 
jim, and m/m e = 0.042 for the effective mass of InAs, yields kpa ~ kpL ~ 26. Therefore we could replace qa by ka 
in the criterion function in the situation that k so a ~ k so L ~ 0(1). 

In this section we calculate the averaged transmission probabilities for the loop chains discussed in section ITTT1 As 
shown in FigJSl we find that the plots of the averaged transmission probabilities resemble each other for the square 
and the circular loop chains. Though the shapes of the loops as well as the physical effects present in the chains may 
be different from each other, the square chains and the circular chains do have something in common. They all have 
their loops be annexed at the nodes that equally divide the loops into upper arms and lower arms with equal arm 
lengths. The last linear chain discussed in the section is the triangular loop chain as shown in Fig[7| The length of 
the upper arm is twice the length of the lower arm in the triangular loop. The plots of the averaged transmission 
probability are quite different for the chain, as compared to the plots for the square and the circular loop chains. 
Besides, no electron localization will occur in the chain. The results suggest that electron localization may not have 
much to do with the bipartite structure of the lattice nodes containing different coordination numbers. Instead, it 
has strong ties with the arm lengths of the loop scatterers. As suggested by the results, electron localization is more 
likely to occur in the linear loop chains that have equal arms in the loops. 



A. square loop chain with spin-orbit effects 



The first example is a linear chain of iV square loops in the the presence of the spin-orbit interaction in the 
large N limit. In the numerical calculation, we replace the wave vector q with the injection wave vector fc. From 
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Eq.lJHTJj the criterion function is (cosh 9 cos/?) 2 = 4 cos 2 (20/.) / f(9 so ). Non-vanishing electronic transmission occurs at 
(cosh 9 cos (3) 2 < 1. Therefore for a given 9 so , non- vanishing transmission occurs at 2M tt + 9q < 29k < (2M + 1)tt — 9q 

with 6*o = arccos[\/ 1 — sin 4 9 so ] in the range 29k G [2Mir, (2M +!)?:] for integer M. In the non- vanishing transmission 
scenario, we define the variable £1 by cos SI = cos(29k)/ cos#o- From Ea. (|13fl . the averaged transmission probability 
(P)k as a function of 9 so is thus given by integrating \t 2 \ over 29k 

1 r 7T - o sin O 

(P>, = i / - Sm " d(26> fc ). (76) 

w J0o V sin 2 S7 + sinh 2 6> 

The parameter sinh 2 9 is obtained from Eq. I|59|) as 

a [l + cos 2 fl (3cos 2 r;-4)] 2 
Smi 16 cos 2 0„(1- cos 2 9 cos 2 SI)' 1 ' 

Finally, we obtain the integrated transmission probability in the integral form 

_ co^ ^ (78 ) 

v 7 ! - cos 2 6»o cos 2 Sly sin SI + sinh 6> 



7T 



Obviously, (P)k is invariant under the transformations 9 so — > # so + 7r and # so — > 7r — 9 so . The averaged transmission 
probability as a function of (9 so /tt) is plotted in FiglHl (P)k has its maximum value at (9 so /ir) = and decreases as 
(9 so /tt) approaching 1/2. Electron localization occurs at (9 so /tt) — 1/2, consistent with the prediction derived from 
the criterion function. 



B. square loop chain in the presence of a perpendicular magnetic field 



The second example is the same linear chain of square loops in the presence of a perpendicular magnetic field B. 
No spin-orbit interaction is assumed to present in the loops. For this example, the criterion function for electron 
transmission is given in Ea. (|65|l . The non- vanishing transmission scenarios occur at n — 9 > 29k > $0j with 
9 = arccos[| cos($^s/2)|]. By defining cos ft = cos(29k)/ cos9 , we find the parameter sinh 2 9 has the same expression 
as that in Ea. l|77[) . The integrated transmission probability (P)k is also found to have the same expression as given 
in Eq.JJSJ. The averaged transmission probability as a function of (Qab/tt) is also plotted in Fig|S| As shown in 
the figure, the plot is a bit different to the plot given in the previous example. (P)k also has its maximum value at 
(&ab I 7 ?) = 0, and decreases as ($ab / t) approaching 1/2. In this case, electron localization occurs at (§ab /tt) = 1/2. 



C. circular loop chain in the presence of a perpendicular magnetic field 

The third example is the chain of circular loops in the presence of a perpendicular magnetic field as described in 
section ITTT1 The criterion function for the chain is given in Eq. l|14|l and the parameter sinh# appeared in the transfer 
matrix T is equal to the parameter t\ in Ea. (|54(l . Both the criterion function and sinh 2 9 are periodic function of k. 

From Ea. l|14l) . we find the criterion function is no larger than 1 for (1 — 9 /tt) > ka > 9^/tt in the range ka 6 [0, 1] 
with 9 = arccos(| cos ($ j 4_b/2)|). By defining cosSl = cos(7rfca)/ cos(6>o), the expression of the parameter sinh 2 9 is 
also given in Ea. lj77l) . The integrated transmission probability (P)k is found to have the same expression as given in 
Ea. (|75)l . The averaged transmission probability as a function of (&ab/k) is also plotted in Fig|S] In fact, the plot is 
identical to the plot in the previous example. 



D. circular loop chain with spin-orbit effects 



The forth example is the chain of circular loops with the spin-orbit interaction in the absence of the magnetic 
field. The criterion function as well we the parameter sinh# are given in Ea. (|51l) and l|5Uf) . respectively. Here we 
replace qa with ka in both the criterion function and in the expression of t\. Thus we find the criterion function is 
no larger than 1 for 2Mw + 9q < irka < (2M + l)ir — 9q for integer M with 9q = arccos[| cos( ( l> J 4c/2)|]. By defining 
cos SI = cos(nka)/ cos(^o); w e nn d that the parameter sinh 2 9 is also given in Eq. l|77|l and the integrated transmission 
probability (P)k is also found to have the same expression as given in Eo. (|78|l . The averaged transmission probability 
as a function of (Qac/k) is plotted in Fig|SJ Once again, the plot for the averaged transmission probability is identical 
to the plots in the previous two examples. 
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E. triangular loop chain in the presence of a perpendicular magnetic held 

The fifth example is the chain of triangular loops in the presence of a perpendicular magnetic field as described in 
section ITTT1 The criterion function (cos/3cosh#) 2 as well as the parameter sinh^ can be found in Ea. (|69[) and i|68[l . 
respectively. Obviously, both the criterion function and sinh 9 are periodic functions of both the wave vector k and the 
Aharonov-Bohm flux &ab- Therefore we will integrate the transmission probability over 9^ in the range 9^ £ [0, 7r], 

{P)k = i f 0[ i _ C os 2 /Jcosh 2 9}{ cos 2 /3 cosh 2 9 1/2 

V 1 Wo 1 n l- cos 2 /? cosh 2 + sinhV V ' 

Here 8[1 — cos 2 /3cosh 2 9} denotes the step function that equals 1 for 1 > cos 2 /3 cosh 2 9 and vanishes otherwise. The 
averaged transmission probability as a function of $>ab/tt is also plotted in the range (^ab/tt) € [0, 1] as shown in 
Fig|Hl Different to the previous four examples in this section, there is no electron localization in the chain of triangular 
loops. Besides, (P)k increases as ($ab/tt) approaching 1/2. Once again, the absence of electron localization is also 
seen from the criterion function in Ea. (|69[) . 



F. triangular loop chain with spin-orbit interaction 



The last example that we consider is the same triangular loop chain but in the presence of only the spin-orbit effect. 
Once again, we replace q by k in the numerical calculation thus 9 q = 9^. The criterion function and the parameter 
sinh# are given in Eq.J73J) and (|74|) . respectively. Similarly, they are periodic functions of 6% and 9 so . Therefore we 
will also integrate the transmission probability over 9^ in the range 9k € [0, n]. The integral formula for the averaged 
transmission probability (P)k is also given in Ea. l79|) . Obviously, (P)k is now a function of 9 so . (P)k as a function of 
9 so /n is also plotted in Fig[5] Once again, the plot shows no electron localization in the chain. This conclusion can 
also be easily drawn from the criterion function given in Ea. (|75|) . As shown in the figure, the plot of (P)k in this case 
is similar to the plot for the same triangular loop chain in the presence of a perpendicular magnetic field. In fact, the 
plots of (P)k for the square and the circular loop chains also resemble each other even though the chains may have 
different effects such as the spin-orbit effect or the Aharonov-Bohm effect. This observation is quite interesting and 
seems to be generic for various kinds of the loop chains. Both the Aharonov-Bohm effect and the spin-orbit effect 
may lead to similar behaviors in the averaged conductances for the linear chains of similar loop structures. Here we 
think of the square loop chain and the circular loop chain discussed in the paper to have similar loop structure, since 
the annex nodes of a loop in the chains equally divide the loop into two arms of equal lengths. 



V. CONCLUSION 



In this paper we discussed the integrated transmission probability over the wave vector k for electrons moving in 
the linear chains of identical loop scatterers, in the presence of either the spin-orbit interaction or a perpendicular 
magnetic field. We showed that the averaged transmission probability is only determined by some parameters of the 
transfer matrix of a single loop scatterer, and can be easily calculated from the knowledge of the parameters. In fact, 
the presence or the absence of electron localization in a linear chain of identical scatterers is easily known from the 
square of the real part of one of the transfer matrix elements, called the criterion function in this paper, of a single 
loop scatterer. 

The results also show that electron localization is due to the interplay of the loop geometry and the physical effects 
such as the applied magnetic field or the spin-orbit interaction. The loop geometry plays an important role in the 
localization phenomenon. For example, electron localization is found to present in the linear chains of identical loops 
with equal arms. This is due to the fact that totally destructive interference of electronic waves is more likely to 
happen in the equal-arm loops. It is understood in the following ways. Consider an equal-arm loop scatterer in the 
presence of a perpendicular magnetic field. The arm length of the loop is denoted as L. An electron will acquire an 
Aharonov-Bohm phase <i>i along with a phase kL when travelling in the upper arm of the loop. The electron will also 
acquire an Aharonov-Bohm phase $2 along with the same phase kL when travelling in the lower arm of the loop. 
Total destruction of electronic waves at the output lead thus occurs when e *( fei +*i) 4- e 2(fc£+*2) _ q j s satisfied, or 
equivalently for $ab = $1 — $2 = (2n + l)ir no matter what the value of k is. The total destruction of waves still 
survives even after integrating out the wave vector k. Therefore electron localization will occur at the specific values 
of $ab ■ Similarly, electron localization in the equal-arm loop chains in the presence of the spin-orbit interaction can 
also be understood in the same way. When an electron is moving in the upper arm of the loop, the electron spinor 
will acquire a phase kL and be rotated by the spin-rotation operator S±. When an electron is moving in the lower 
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arm of the loop, the electron spinor will also acquire a phase kL and be rotated by the spin-rotation operator S^. 
Here S\ and S% depend on only the loop geometry and the strength of the spin-orbit interaction. Total destruction of 
electronic waves thus occurs when [e %kL S\ + e lkL S 2 ) — is satisfied, or equivalently + cos(0 so )]e ikL S(k so ) = 

with cos(0 so ) = jTr(5i5^ 1 + S^Sf 1 ). Therefore electron localization will occur in the chain of equal-arm loops for 
cos6 so = -1. 

The resemblance between the plots of the averaged transmission probabilities can be explained as follows. As 
pointed in section [nj the transmission probability of a loop chain is totally determined by the transfer matrix of 
a single loop scatterer. The current conservation along with the single-channel assumption for the quantum wires 
thus put strong restrictions on the possible forms of the transfer matrix. Furthermore, both the Aharonov-Bohm 
effect and the Aharonov-Cashcr effect play similar roles in the electronic transmission problem. Electrons travelling 
in the arms of the loops can acquire additional quantum phases due to either the Aharonov-Bohm effect or the 
Aharonov-Casher effect. Therefore, the transfer matrices for the loop scatterers discussed in the paper also resemble 
each other. The resemblance between the transfer matrices thus leads to the resemblance between the plots of the 
averaged transmission probabilities. 
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FIG. 1: Single-channel scatterer with Ai,Bu and Ah,Bi being the amplitudes of the incoming and the outgoing electronic 
waves, respectively. The dark circle represents the scatterer. 
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FIG. 2: A chain of N identical scatterers. 
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FIG. 3: A simple loop with two attached leads. 



17 




upper 




lower 



FIG. 5: A single ring with two attached leads. 
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FIG. 8: The integrated transmission probability (P)k over the injection wave vector k for the linear chains of N identical loop 
scatterers in the large N limit. Solid line represents (P)k as a function of (k ao i/Tr) in the presence of the spin-orbit interaction 
for the square loop chain. Doted line and dot-dashed line represent {P}k as functions of Qab/k and k ao t/ir for the triangular 
loop chain in the presence of either a perpendicular magnetic field or the spin-orbit effect, respectively. Dashed line represents 
(P)k for (a) the square loop chain in the presence of a perpendicular magnetic field as a function of ($>ab/tt), and for (b) 
the circular loop chain in the presence of either a perpendicular magnetic field or the spin-orbit interaction as the function of 
(®ab/tt) or (3>ac/it), respectively. 



